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1. INTR00Ucrt0~ 
It is well known that a function h harmonic (real valued, Qz and of 
Laplacian zero) in a domain (connected open set) W and tending to 0 at all 
points of the frontier Fr(W) (which includes the point at infinity &’ if W is 
unbounded) is identically equal to 0. In this paper we use a boundary 
behaviour hypothesis at only one point of Fr( W) to obtain the uniqueness 
result h = 0. 
Let N be an integer greater than 1, RN the N-dimensional Euclidean space 
with norm llxll, where x = (x, ,..., x,“), H an (N - 1)-dimensional hyperplane 
which we shall take to be 
H= (xER”:xV=O}, 
and let F be a non-empty closed polar set in H containing the origin 0 of 
axes. (For polar sets, cf. Brelot [3, Chapter 31.) Note that the point set (0) is 
the simplest example of such an F for any N, in R2, thet set 
(0, (1, 01, (f,O) ,... , (l/m, 0) ,... } 
is also an F, the set (x: xN-, = x,,, = 0) is another example of F for any N. 
Let V be a domain in RN containing 0 and let D = V/F. As F is closed 
and polar, D is also a domain, and 0 is on the finite boundary 3D of D. Our 
main result is 
THEOREM 1. If h is harmonic in D and for every integer n > 0 we have 
lim inf h(x)/llxll” = 0 (1) 
as x+0 (x in D), then h-0. 
Our proof of Theorem 1 depends on the following special case which, with 
lim inf replaced by lim, is well known (Brelot [3, Appendix, Section 26d]). 
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PROPOSITION 1. If h is harmonic in v\(O} and for every integer n > 0 
we have 
lim inf h(x)/llxll” = 0 
as x+0 (x in v\(O}), then hr0. 
(2) 
Theorem 1 is our main result and its proof, after we establish prerequisites 
for it in Sections 2 and 3, is given in Section 4. It is parhaps noteworthy to 
mention here that our proof in Section 4 relies on a new technique (cf. 
Theorem 3), whereby the harmonicity of a certain superharmonic function 
written as the sum of a potential and a harmonic function is obtained by 
showing that, unless the potential vanished identically, the convergence of 
the series expansion for the harmonic function would lead to a contradiction. 
Here we make the following comments on Theorem 1. As h is initially 
assumed to be of any sign, the “lim inf’ in (1) can be replaced by “lim sup” 
(for all non-negative integers n). Next we quote the following simple result 
(Bourbaki [2, Chapter 4, Section 5, Exercise 5, where g should, however, be 
assumed to be positive]) which we also use later. 
LEMMA 1. Let E be a non-empty set in a Euclidean space, ,!? its closure 
in the one-point compactljlcation of the space and let x, be in i?. if f,: 
E + [-co, +co], fi: E -+ (0, +a~) and as x+ x0 (x in E), 
lim inff,(x) = 0, lim fi(x) = A E [0, +a), 
then lim inff,(x)fz(x) = 0. 
In the light of Lemma 1, we note that in Theorem 1 it suffices to assume 
that (1) holds for every integer n >, n,, where n, is a fixed-positive integer. 
We also note that hypotheses (1) can be replaced by one hypothesis, for 
instance, by 
liminfh(x)exp((lx11~9}=0, (3) 
where q is a fixed-positive real number. This simple hypothesis (3) is, 
however, by Lemma 1, stronger than hypotheses (1). 
Here we bring in an argument in order to avoid its repetition in two 
places. We consider the hypothesis 
lim “f h(x) = 0, (4) 
where x E v\F. It yields that the harmonic function h is bounded below in 
B(0, k)\F for some positive k and B(0, k) in V, where B(0, k) denotes the 
open ball (disk, if N= 2) in RN of centre 0, radius k. As v\F is connected 
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we have that, if h E 0 in B(0, k)\F, then h - 0 in v\F. Thus, it suffkes to 
prove Theorem 1 and Proposition 1 under the following additional 
assumption (as (4) corresponds to hypothesis with n = 0): 
V = B(0, k) and h is bounded below in B(0, k)\F. 
As F is closed and polar, we obtain first that 
(5) 
h has a superharmonic extension u to B(0, k) (6) 
and second that B(0, k)\F is not thin (eftile; cf. Brelot 13, Chapter 71) at 0 
and hence, using (4), that 
u(0) = 0. (7) 
Theorem 1 is a uniqueness for h in a domain W when the limit (inferior) 
hypotheses are at a boundary point such that the intersection I of aW with 
an open neighbourhood R of that point is a certain closed polar set 
(therefore “small”). From Theorem 1 we can deduce a uniqueness theorem 
when I is the intersection of D with a hyperplane of dimension (IV - 1) 
(therefore, “large”). Without any loss of generality we state 
THEOREM 2. Let A denote the upper hau-plane (x: I,~ > 0). Suppose that 
p E (0. +a] and let 
D, = A n B(0, p). 
If h is harmonic in D, and for every integer n > 0, as x + 0 (x in D,), 
lim inf h(x)/{x,V Ilxll”) = 0, (8) 
then h E 0. 
Theorem 2 is proved in Section 5. Some further comments on our results 
are made in Section 6. 
2. PROOF OF PROPOSITION 1 
Hypothesis (2) with n =0 coincides with (4), since F = (0). We can 
therefore assume (5~(7). Thus, the function U, equal to 0 at 0 and to h in 
B(0, k)\{O}, is superharmonic in B(0, k). Because of (7), the Riesz decom- 
position of u in B(0, k) does not involve the fundamental superharmonic 
function (with pole at the origin 0) and hence u is actually harmonic in 
W, k). 
Suppose, by induction, that all partial derivatives of u vanish at 0, these 
520 U.KURAN 
partial derivatives being of order less than M, where M = 1, 2, 3,.... (We 
know that this is true when it4 = 1, as u(0) = 0.) Let 
Q(x) = (M!)-’ 1s (0)x’:’ + ... 1 (II-4 < k), (9) 
I 
i.e., Q is the homogeneous harmonic polynomial of degree M occurring in 
the series expansion of u in B(0, k). If we let 
R(x) = u(x) - Q(x), (10) 
then, by Taylor’s theorem (see, e.g., Flett 14, p. 3791). as x + 0 (x # 0), 
lim R(X)/]] x 11.” = 0, 
which, together with (2), when n = M, and (lo), yields that Q of (9) satisfies 
lim inf Q(x)/]] x]]” = 0. (11) 
On any open half-line L starting from 0 we have that all (N- 1) spherical 
polar angles are fixed and, as Q is homogeneous of degree M, the ratio 
Q(x)/]]x]]” is a constant, C(L), say, independent of ]]x]] (x E L). Hence, (11) 
becomes 
inf( C(L): all open half-lines L from 0) = 0, (12) 
which in turn yields that Q 2 0 in B(0, k). The homogeneity of Q gives that 
Q > 0 in RN and its harmonicity then implies that Q is a constant in R”. 
Either from (12) or from Q(0) = 0 we obtain that Q = 0 and, hence, all 
partial derivatives of u of order M vanish at 0 and this completes the 
induction. 
3. Two LEMMAS 
LEMMA' 2. Fix the integer N and with a in [0, +a~), let 
f(a) = log((1 + a)-“‘} (N= 2), f(a)=(l +a)‘-‘h”Z’ (N>3), 
and for any non-negative integer p, let 
D,(a) =f(a) -f(O) - af’(0) - ... - ap(p!)-‘f’p’(0). 
Then, with a in (0, +a~), 
(i) D,(a) > 0 when p is odd, D,(a) < 0 when p is even, 
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(ii) a -p-’ (D,(a)1 is a decreasing function of a, 
(iii) as a + O+, aPP-‘D,(a) -+f (p+‘)(0)/(p + I)!. 
Lemma 2 is an immediate application of Taylor’s theorem (see, e.g., Flett 
[4. pp. 213, 1681) which uses 
f (P+‘ya) = (-l)Pf’ c (p, N)(p + l)! (1 + a)-P-‘!v”), 
where 
C(p,2)=1 C(P, N) = 
P-l++N 
2p+2’ P+l 1 
(N>, 3), 
to give 
D,(a) = C-1) p+’ C(p, N)(p + 1) up+’ 1” (1 - s)~ (1 + as)-P-‘““’ dr. 
.O 
For the other lemma we let Z be the subset of the x,V-axis in B(0, l)\{O). 
i.e., 
z = (z = (O,..., O,Z,)ER”:O<~Z,~~< l)=Z+uz-. (13) 
where Z+ corresponds to z,,, > 0 and Z- to zN < 0 on Z. Note that all points 
on Z are outside the hyperplane H and hence outside our closed polar set F. 
Also note that from N = 3 onward, Z is polar and hence thin at 0; the 
following general result shows that a limit-inferior property holds even 
through approach via a thin set. 
LEMMA 3. If u is superharmonic in B(0, l), F” is any closed set in H. u 
is harmonic in B(0, l)\F*, and for some non-negative integer n, as x + 0 (x 
in B(0. l)\F*). 
lim inf u(x)/IIx(J” = 0, (14) 
then, as z + 0, with z either in Zi or in Z-. 
lim inf u(z)/]] z Jln = 0. 
Because of the obvious symmetry, it is enough to prove Lemma 3 as 
z-+0, z in Z+. Clearly, (14) and the fact that Z+ is in B(0, l)\F* imply 
that the second limit inferior is at least 0; suppose, by contradiction, that it is 
positive and (without loss of generality) greater than 1. Then, for some r, in 
(014) 
u(z) a llzll” (z E Z+ nB(0, 2r,)). (15) 
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Before going further we note that, if z = (O,..., 0, zN) E Z+, Q denotes the 
surface-area measure on hyperspheres in RN (arc-length measure, when 
N = 2) and S = aB(O, zN), then the ratio 
y = a(S n B(z, 4z,))/a(S) 
is in (0, 1) and y is independent of z. 
Now, let v = 2N+n-3/3Ntn-’ and 
E = min(+yv, 2N--n-3/(3zv-I - 2N-2)}. (16) 
By (14), for some r0 in (0, r,) 
u(x) a--E II-W (x E B(O,2r,)\F*). 
We let z,, = (0 ,..., 0, r,,) on Z+, B, = B(z,, rO) and note that 
B(0, l)\F” I> B(0, 2r,)\H 1 B,. 
(17) 
(18) 
Hence, u is harmonic in B, and so is the function u given by 
u(x) = U(X) + & 2”ro”. (19) 
Also note that as llxll < 2r, in B,, (17) and (18) imply that v > 0 in B,. 
Applying Harnack’s inequality to u in B, (Brelot [3, Appendix, Section 
26c]), we obtain that if 
x E B(z,, ;r,, = B,, 
say, then, 
w > 2 w-23’-NV(z,). (20) 
In (20) we replace u(x) and v(z,) by their expressions in (19), we use (15) at 
z=z’), and then replace E by its second majorant in (16) to get the 
inequality 
u(x) 2 (2N-3/3N-‘) ro”. 
For all x in B, , we have [IX )I < f3r, and, hence, 
u(x) 2 v Ilxll”. (21) 
We now use the peripheral mean-value inequality for u at 0 and on 
aB(O, rO) = S,, say. We note that by Lemma 1, (14) holds with n = 0 and 
hence, as B(0, l)\F* is not thin at 0, u(0) = 0. On S, n B, , u > vri by (2 1) 
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and on S,\B, (with the exception of S, n F* of area zero) u 2 -sr,” by (17). 
Hence, also making use of the first majorant of E, we get the contradictory 
0 = u(0) > yvr,” + (1 - y)(---Er;f) > 0. 
4. PROOF OF THEOREM 1 
Hypothesis (1) with n = 0 coincides with (4); hence, by (5) we can 
assume that V is B(0, k) and, if necessary, by magnifying the coordinates we 
can take I’= B(O, 2). By (6) and (7), h has a superharmonic extension u to 
B(0, 2) with u(O) = 0. Let w be the superharmonic function in R” given by 
w(x) = 1og(2/ll4l) w= 2), w(x) = IJx(y (N> 3). 
By the local Riesz representation theorem in B(0, l), we have 
u(x) = I‘ 4x -Y> &(Y) + g(x). (22) 
where p is a finite non-negative Radon measure in B(0, 1) concentrated on 
FnB(0, l), and g is harmonic in B(0, 1). 
Let Z be the set given in (13), i.e., 
z = (2 = (O,..., O,z,):O<r( l}=Z+UZ-. 
where r denotes llzll= Iz,,,(. A s u = h in B(0, l)\F, it satisfies hypotheses (1) 
and hence, by Lemma 3, with z either in Zt or in Z-, 
lim+rrf u(z)/r” = 0 (23) 
for every non-negative integer n. 
To prove Theorem 1 it is enough to show that p = 0. In fact, if fl= 0, then 
11 is harmonic, hence continuous in B(0. 1) and, as u = h in B(0, l)\F. 
hypotheses (1) hold for u not only with x in B(0, l)\F but also with x in 
B(0, I)\(O) (to see this last assertion, note that, as x+ 0, 
liy+Ff u(x)//xll” < limepf h(x)/llxl(” = 0 
and the inequality sign “G” cannot be replaced by “<‘I since every point on 
the polar set F is the limit of a sequence of points outside F and the function 
u(x)/llxll” is continuous in B(0, l)\(O)). Applying Proposition 1 to u, we get 
u s 0, hence, h G 0. 
Collecting the information given in the previous three paragraphs, we have 
that Theorem 1 is a consequence of the following general result. 
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THEOREM 3. If u is the superharmonic function given by (22), where g is 
harmonic in B(0, 1) and ,u is a non-negative finite Radon measure concen- 
trated on H n B(0, l), and u satisfies hevpotheses (23), then ,u = 0 (i.e., u is 
harmonic in B(0, 1)). 
To prove Theorem 3 we first show that u(0) = 0 and study integral in 
(22). Let 
U(x) = I‘ w(x - y) dp( y). (24) 
Note that U > 0 and superharmonic in B(0, 1). If z E Z+, then w(z - y) < 
w(y) and hence U(z) < U(O), . I.e., u(z) < u(0) -g(O) + g(z), which, together 
with (23) with n = 0, gives 
u(0) < lim inf U(Z) = 0 < u(0) -g(O) + g(0) = u(0). 
Hence, u(0) = 0 and, as g(0) is finite, we get that 0 < U(0) < 03. If U(0) = 0, 
then U = 0 and hence ,U E 0. It remains to study the case where U(0) > 0. 
We may assume that 
U(0) = 1, g(0) = -1. (25) 
As U(0) is finite, we get ~((0)) = 0 and hence the variable y of integration 
satisfies 
I’= (4’,r...,y,1,-,, 0) E Hn B(0. l)\(O) = b. say. 
We let s = /I y 11 and note that 0 < s < 1. 
The harmonic function g has the series expansion 
g(x) = - 1 + f P,,(x) 6~ E BP, 1 I), 
tTl=l 
where P, is a homogeneous harmonic polynomial of degree m such that, if 
A, = sup{(~,,,(.~)l: llxll = 11, 
then (Brelot [3, Appendix, Section 26d]) 
\“- A,Rm < +a~ (R < 1). 
rn=l 
From now on we study the function u on the set Z. We therefore replace x 
in (22) by z (which satisfies r = llz\l = lzNl E (0, 1)) and we let t = z/r. Note 
that there are exactly two choices for t, namely, 
t, = (0 ,..., 0, l), tz = (O,.... 0, -1). 
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Also, by (25) and (24), the p-integral of w(y) is 1 and 
w(2 -y) - w(y) = sZ-N(f(a) -f(O)) = s’-“D,(a), 
where f and D, are the functions given in Lemma 2, s = 1) ~1) and 
a = r2/s2 E (0, +a~). 
It follows that (22) reads, for all z in Z, 
(27) 
u(z)= [ s 2-ND,(s) d/~(y) + G 
-b m=, 
r”P,(t). (28) 
To proceed with the proof of Theorem 3, we prove 
LEMMA 4. For k = 1, 2 ,..., we have 
p,,- 10) = 0, 
P2k(f)= -(k!)-‘f”‘(O)!; s’--~-*~ dp(y). 
Indeed, suppose that (29) and (30) hold forj= 1,2,..., k. Then 
(29) 
(30) 
r”P,(t) = -(j!)-‘f”‘(0) j, s2-“a’ ajl(y) 
so that u(z), given by (28), reads 
(j = 1, 2 ,..., k), 
u(z) = 1’ s ‘-“D,(a) &(Y) + T r”P,(t). 
.b m=2k+ I 
Now 
s rmp,&) = P2k+ I(t>T 
m=2k+ I 
so, by Lemma 2(i), 
0 = lim inf r-2k-‘u(~) < PZk+ ,(t) 
r-o 
> ‘2kt I@) 
(k even) 
(k odd). 
(31) 
(32) 
Thus P,,+,(t) = 0, since P2k+ 1, being odd, cannot keep a constant sign; 
hence, using (31) and (27), we get 
409’88!2 I4 
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r -2k-2~(z) = I‘ s2-Nr-2k-2Dk(a) &(y) + r-2k-2 r"P&> 
-b m=2k+2 
= 
.Jj 
-N-*ka-k-‘B,(a) dp(J,) + r-2k-2 2 r”P,(t). 
m=2k+2 
(33) 
By (23) Lemma 2(ii) and (iii), the monotone convergence theorem, and (32) 
(which is also valid for 2k + 2 instead of 2k + 1), (33) yields 
0 = lim kf rPZk-‘U(z) 
= ((k + 1)!)-‘“Pk”‘(0) I’ s-“-%&q + PZk+?(t), 
-b 
which gives (30) for k + 1. 
The above argument also shows that (30) is true for k = 1, since (32) 
holds for k = 0. This completes the proof of Lemma 4. 
In the light of Lemma 4 we have, for 1 = t, or t = t,, 
pJ2m(t)l = (m!)-’ If’“‘(O)( j; S2-N-2m l&(y). 
where m = 1, 2, 3 ,.... 
(34) 
Suppose, by contradiction, that p & 0, i.e., 
Pu(wl c)) > 0 (35) 
for some c in (0, 1 ), and let 
6, = b n B(0, c), R,=$(c+ l)E(O, l), K = (c + 1)2/(4c’) > 1. 
From (35) we obtain 
J= I_ s2-N d/i(y) > 0. 
-bo 
(Note, incidentally, that the integral J is finite since J = I when N = 2 
and J < U(0) when N > 3.) From (26), we get 
Using the definition of A2,,,, (34), and the fact that s < c in b,, we get 
A,, 2 IPz,(t)l 2 Cm!)-’ If’“‘(O)l J; s’-~-‘~ 44~) 
0 
> (m!c2”)-‘JpyO)l, 
(36) 
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which, together with (36), gives 
J f (m!)-’ If’“‘(O)l K” < +a. 
m=l 
This last inequality is absurd since the series expansion of the functionf(a) 
(because of the singularity at a = -1) diverges absolutely at radius K > 1. 
This completes the proof of Theorem 3 and hence of Theorem 1. 
5. PROOF OF THEOREM 2 
We may suppose, without loss of generality, that p = 1, i.e., we may work 
in the upper unit half-ball D, . 
Consider RN+’ with origin 0* and an arbitrary point 
x* = (x, ,...) XN-I~YN~YN+l’YN+2 )- 
let V be the unit ball (x*: ]]x*J( < 1) in R”‘* and let 
x*r=(y,:+y,:+, +y.~.+*)“*>o, x = (x, ,..., x.y _ , , xv) E d, 
F= (x*:x,=0}, D=v\F. 
Note that F is closed and polar in RN+* (as the superharmonic function l/-y:, 
is equal to +a~ on F), ]Ix*]] = j]x]I, and, if x* ED, then xE D,. Now 
consider the function h* in D given by 
h*(x*) = h(x)/x,ht (x* E D). 
As h is harmonic in D,, h* is harmonic in D (cf. Kuran [5, p. 279, first 
paragraph]) and hypotheses (8) now read, as x* -+ 0* (x* in D), n > 0, 
lim inf h*(x*)/llx* IIn = 0. 
Hence, by Theorem 1 in (N + 2) dimensions, h* E 0 and, consequently, 
h E 0 in D,. This completes the proof of Theorem 2. 
6. SOME FURTHER COMMENTS 
In this section we shall consider Theorem 2 and, first, give its version for a 
ball (Theorem 4); then we shall give its version (Theorem 5) as x--t .d in the 
upper half-space A and compare Theorem 5 with a theorem of Armitage. 
Finally, a counterexample is given which deals with the sharpness of 
Theorems 1, 2, and 4. 
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THEOREM 4. Suppose thaf u E (0,2], t, = (0 ,..., 0, -1) and let 
D, = I?&, 1) n B(0, a). 
if h is harmonic in D, and for every integer n > 0, as x + 0 (x in D,), 
lim inf h(x)/{(l - JIx - t,ll) IIxII”) = 0, (37) 
then h E 0. 
Theorem 4 is obtained from Theorem 2 via the Kelvin transform as 
follows. As centre of our inversion we use the point 
c* = (O,..., 0, -2) E R”, 
and we take 2 as radius of inversion. Note that c2 E B(t,, 1) and this 
inversion sends B(f2, 1) onto the upper half-space A and a point x in B(t,, 1) 
to the point ff = (2, ,..., XN) in A such that the points c2, x, and R are on the 
same closed half-line starting at cI and 
IIX--211 IF--*II =4* 
After checking the equalities 
1 - IIx- t,/I’= 8Z,,,/~~X-c#, Ilxlllllfll = Vllf- czll3 
(38) 
it is easy to see that the Kelvin transform (together with these equalities and 
(38)) gives Theorem 4 from Theorem 2 replacing the distance function to the 
boundary, xN, by the distance function 1 - /Ix - t,)] to the boundary 
aB(t,, 1) of our ball. We leave the details to the reader. 
When p = +co, i.e.,, when we work in the upper half-space A in RN, 
Theorem 2 has a version as x approaches the point at infinity ,d. 
THEOREM 5. If h is harmonic in A and for every integer P > N, as 
X-d, 
lim inf h(x) Ilxll”/-x,,, = 0, (39) 
then h = 0. 
Note that we started (39) from P = N onward, although, by Lemma I, 
(39) holds for P < N as well. As will be seen below and in Theorem 7, 
however, N is a natural starting point for Theorem 5. 
Let 4 be the function in A given by 
4(t) = II 41 2-N h(x), 
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The function 4 is the Kelvin transform of h under the inversion of centre 0 
and radius 1 which sends A onto itself. Hence, 4 is harmonic in A. Also, 
and x -+ &’ as < + 0. Thus, for all n > 0, (39) yields 
which, by Theorem 2, gives that d s 0, hence, h E 0. This completes the 
proof of Theorem 5. 
Armitage [ 1, Theorem 1 ] gave a different uniqueness theorem. It reads, in 
an equivalent form, as follows. 
THEOREM A. If h is harmonic in A and for some positive real K, as 
x+-d (x in A), 
lim e”~~“~~h(x) = 0, (40) 
then h E 0. 
There are very few resemblances between Theorems A and 5. First, note 
that Theorem A is false with “lim” replaced by “lim inf’. For instance, the 
function h(x) = xN satisfies (40) with “lim inf’ replacing “lim”. (To see this, 
let (x,, 0 ,..., 0, x; ‘e-““I) -+ ~2 as x, + +co.) Next, note that, for any h which 
is q2 in A (but not harmonic) these hypotheses are independent; indeed, if 
we take the functions 
x, exp(- IIxlI “*>, -exP(-ZK II-m 
then the former satisfies (39) but not (40), while the latter (once K is fixed) 
satisfies (40) but not (39) (we leave these details to the reader). Finally, we 
note that, by Lemma 1, Theorem 5 holds also under the stronger hypothesis 
(the weakest form corresponding to small q) that 
lim inf h(x) exp{]]xl]q)/x,,, = 0 (41) 
instead of (39). The differences between (40) and (41) are again clear. 
The following counterexample shows that Theorem I may fail with a non- 
polar F and Theorem 2 requires x, in the denominator in (8) (and hence, by 
a Kelvin transform, Theorem 4 requires (1 - ]I x - t, ]I) in the denominator in 
(37)) even if we replaced the limit inferior in (1) and (8) by the limit. 
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COUNTEREXAMPLE. Let 
X= ((.x,,O)ERZ:x,~O), [=x, + ix,, 
h(C) = Re(exp(e4iz’3[-“3)t. 
Then h is harmonic in R ‘\X and, as [-+ 0 (< in R’\X), 
lim h(C)/1 Cl” = 0 
for every integer n > 0 (but h f 0). 
To prove this, let 8 be the polar angle. In R2\X we have 
0 < 8 < 2X, 2x13 < (4n- 8)/3 < 4x13, 
and, as 
we get 
IWI < ev{lCl-“3 cos((4n-8)/3t)~exp(-flrl-““). 
which gives that as C- 0 (C in R’\X), lh([)l/l[l” + 0 for all n > 0. 
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